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Introduction
Narrowband beamforming has been very extensively addressed over the past three decades, and many robust algorithms exist that offer optimality in various senses. When dealing with broadband signals, time delays cannot be implemented by phase shifts but require explicit tap delay line structures. With this, a number of narrowband techniques such as minimum variance distortionless response (MVDR) beamforming have been extended to the broadband case [21] .
While for narrowband arrays, the array configuration can be arbitrary, broadband arrays often are restricted to linear or planar structures, where the look direction of the array is towards broadside. This simplifies the formulation and incorporation of constraints through techniques such as cascades sums of differencing [9] but is practically very restrictive. As a result, most broadband beamformer designs assume presteeringi.e. an external provision of time delays -for the look direction to appear at broadside [19, 24, 15] . Alternatively, the beam response can be tied down by a number of frequency domain constraints [16] , which however does not guarantee a coherent protection of the constraint in between frequency bins as demonstrated in [23] .
In this paper, we employ the recently proposed polynomial matrix formulation in order to denote and solve a broadband MVDR beamformer [23] . The formulation is based on a space-time covariance matrix which explicitly incorporates time lags, and a broadband steering vector. Since every element of such a matrix or vector now is a finite impulse response filter, their transfer functions are polynomial matrices. Narrowband techniques such as eigenvalue (EVD ) and singular value decomposition (SVD) have been extended to cover the polynomial matrix case [6, 20, 10] . Algorithms for a polynomial EVD [10, 13, 14] have been driving forward applications in denoising-type [12] or decorrelating preprocessors [7] for beamforming, transmit and receive beamforming across broadband MIMO channels [4, 18] , broadband angle of arrival estimation [2] , and for optimum subband partitioning of beamformers [22] .
The specific aim of this paper is to demonstrate the constraint design and broadband beamformer implementation for an array with arbitrary configuration. The array element locations have to be known, but the elements themselves can be randomly distributed as long as the spatial sampling theorem is satisfied. We extend the definition of a broadband steering vector and metrics such as the directivity pattern to three dimensions, and show how this can be applied in a three dimensional example scenario.
The paper is organised as follows. Sec. 2 will define the array setup, Sec. 3 details the broadband beamformer. The implementation of broadband steering vectors and the blocking matrix required for a generalised sidelobe canceller implementation of the MVDR is addressed in Sec. 4. Finally, Sec. 5 presents some simulation results, followed by conclusions in Sec. 6.
Array Setup and Broadband Steering Vectors

Array Elements
We assume that an array consists of M elements. There is no assumptions w.r.t. any particular structure of the array, but its element locations are known with Cartesian coordinates r m = [x m , y m , z m ]
T , m = 1 . . . M . The locations may also be given in spherical coordinates with elevation ϑ, azimuth ϕ and radius ρ. In this case, a coordinate r m can also be expressed as
Far Field Source
A far-field source has a planar wavefront travelling across the array, arriving at different array elements with different time delays. The normal vector of this wavefront is
If normalised by the propagation speed c in the medium, k ϑ,ϕ /c is also known as the source's slowness vector. The time delay which the wavefront experiences at the m-th element relative to the origin is
If the unit length in the Cartesian coordinate system is chosen as half the minimum wavelength, then |k ϑ,ϕ | = 1 = λ min /2 = c/(2f max ) = cT s , where T s is the sampling period assuming critical sampling. Therefore, t m = τ m T s with
is the wavefront's delay relative to the origin in samples.
Broadband Steering Vector
If at least two array elements are spaced no further than one unit length apart, then a source with direction k ϑ,ϕ is uniquely represented by the M delays that its wavefront experiences. This leads to the definition a broadband steering vector, or rather a vector valued function,
where f [n−τ ] is an ideal fractional delay filter creating a delay of τ ∈ R samples, with n ∈ Z the discrete time index. The lag values τ m on the r.h.s. of (4) depend on the elevation ϑ and azimuth ϕ of the source via (3), which is reflected by the subscript of the broadband steering vector, s ϑ,ϕ [n]. Attenuation of the wavefront while travelling across the array is neglected.
leads to the narrowband steering vector at frequency Ω 0 when evaluated on the unit circle for z = e jΩ0 . A transform pair as defined in (5) will be abbreviated below as
. Later, the broadband steering vector in (5) will be used to formulate both the broadband MVDR beamforming problem and also its proposed broadband solution.
Broadband Beamformer
General Broadband Beamformer
In a broadband beamformer, every sensor is followed by a tap delay line as shown in Fig. 1 , such that the beamformer output
. . . . . . e[n] is a weighted average across a spatial and temporal window of the data. If the input vector is defined as
and w[n] is a vector containing the M impulse responses of the beamforming filters,
then the output is
Space-Time Covariance Matrix
The design of the MVDR beamformer as a statistically optimum array processor [21, 5] requires the covariance matrix of the input. Here we choose a representation
, which explicitly embeds the lag value τ ; this lag can help express temporal correlations arising from time delay in the broadband array data.
The cross-spectral density (CSD) matrix R(z) •-• R[τ ] is a polynomial matrix, containing cross-and power spectral densities as elements. Due to the structure of R[τ ], R(z) is parahermitian, i.e. it is invariant under a parahermitian operation, {·}, implying Hermitian transpose and time reversal such that
. If the array is illuminated by L sources characterised by angles of arrival {ϑ l , ϕ l }, l = 1 . . . L, then using the broadband steering vector defined in (5) we obtain
where S l (z) is the power spectral density of the l-th source measured at the origin, and σ 2 v the power of the additive noise, whcih is assumed to be spatially and temporally uncorrelated.
Minimum Variance Distortionless Response
We denote w(z) ∈ C M to contain the complex conjugated and time-reversed beamforming filters, such thatw(z) with w H [n] as defined in (7). Therefore, the output power spectral density of the beamformer isw(z)R(z)w(z) leads to the MVDR problem formulation
The broadband steering vector s(ϑ s , ϕ s , z) protects the signal of interest emitted by a source with an elevation and azimuth of {ϑ s , ϕ s }. In this look direction, the array is expected to provide a desired frequency response F (z). For simplicity F (z) = 1 will be assumed below.
Generalised Sidelobe Canceller
Instead of solving the broadband MVDR problem in (10) and (11) directly, the formulation has been extended to a GSC [23] as depicted in Fig. 2 . This requires a quiescent beamformer w q which points in the look direction defined by {ϑ s , ϕ s } and minimises the output power spectral densityw 
Implementation
Below, some details are provided into how broadband steering vectors for (4) can be extracted, and how to obtain a blocking matrix B(z) from the constraint equation (11).
Broadband Steering Vectors
Fractional delay filters can be obtained by resampling the sinc function, which is the assumed interpolation function when sampling at Nyquist rate. Due to the infinite support of the sinc, a truncation is required, leading to a discrete prolate spheroidal sequence [11, 8] . Other alternatives exist, such as Farrow filters [8] . In general, fractional delay filters cannot provide good accuracy towards f s /2, but tapered windows for sinc functions [17] or the use of filter banks [1] can provide suitable implementations. We here use the proposition in [17] and apply a raised cosine or Hann window of length 2L to the sinc, such that
for (4) with
Blocking Matrix
The blocking matrix has to be designed such that
which can therefore be achieved by completing w q (z) to a paraunitary matrix as suggested in [23] . This can be accomplished by applying a polynomial eigenvalue decomposition (PEVD, [10] ) to the rank one matrix
This PEVD is ordered and due to the definition of the steering vector, we have
The paraunitary matrixQ(z) is not unique even in the case where (15) has full rank. Defining the column vectors of the paraunitary matrix
then e.g.q 1 (z) can be shifted w.r.t. w q (z),
and yet satisfy both (15) and (16) . Similarly, the remaining columnsq m (z) can be arbitrarily shifted without affecting the validity of the decomposition. Therefore, if the blocking matrix
is selected, thenB(z)w q (z) = 0 is guaranteed, but B(z) could have a larger order than necessary. By appropriately shifting rows and truncation of small leading and trailing coefficients of B(z) [3] , it is possible to reduce this order.
Simulations and Results
Based on performance metrics in Sec. 5.1 and the definition of the beamforming scenario in Sec. 5.2, Sec. 5.3 provides the results for the unadapted, i.e. quiescent beamformer, while Sec. 5.4 highlights some details of the adaptation and the characteristics of the adapted beamformer. 
Performance Metrics
To assess the performance of broadband GSC beamformer, the mean square of the residual error e r [n] is a useful metric. Since the beamformer output e[n] should contain the signal of interest plus residual error, subtracting out the desired source signal -appropriately delayed to compensate for propagation delays in w q (z) -provides a metric similar to echo return loss enhancement known in acoustic echo cancellation. The directivity pattern represents the gain response of a broadband beamformer w.r.t. the angles of arrival and frequency. Assuming that a broadband source is located at {ϑ, ϕ} as characterised by the broadband steering vector s(ϑ, ϕ, z), the overall transfer function of the beamformer w.r.t. this excitation is
By probing (20) with a series of steering vectors, the directivity pattern is obtained evaluating it on the unit circle and taking the gain only.
Scenario
An arbitary array with M = 8 elements is generated by randomly drawing element locations from a uniform distribution for {x m , y m , z m } ∈ [−2; 2], i.e. all elements lie within a cube. The resulting coordinates are listed in Tab. 1. The source of interest is set to illuminate the array from an elevation ϑ s = 60
• and azimuth ϕ s = −45
• . A first interferer is located at {ϑ i,1 = 0
• , ϕ i,1 = −45
• }, with a second at {ϑ i,2 = 20
• , ϕ i,2 = 90 • }. Both interferers have a signal-tointerference noise ratio of −30 dB, and additive white Gaussian noise at a level of 20 dB relative to the signal of interest. Both interferers have a highpass characteristic, with passband edge at Ω = 
Quiescent Response
The beampattern of the unadapted beamformer, i.e. with w a = 0, is the response of the quiescent beamformer only. The quiescent beamformer has been designed as a broadband steering vector consisting of fractional delay filters of order 40, which was found to provide sufficient accuracy.
Figs. 3 and 4 show the directivity patterns |A(ϑ, ϕ, e jΩ )| for two fixed points. Firstly, for ϑ = ϑ s = 60
• , the beamformer is pointing in the elevation direction of the source but with varying azimuth angle. Note that the gain response in Fig. 3 satisfies the constraint for ϕ, with a frequency-independent unit gain response in direction ϕ = ϕ s = −45
• . Secondly, fixing the azimuth angle to ϕ = ϕ s = −45
• but varying the elevation ϑ in Fig. 4 , the constraint is fulfilled for ϑ = ϑ s = 60
• .
Adapted Beamformer
Based on the quiescent beamformer, a blocking matrix was designed by paraunitary matrix completion, resulting in a blocking matrix of order 480 after appropriate truncation [3] . The adaptive filter w a (z) was chosen of order 140. Using a normalised LMS algorithm for unconstrained optimisation, the mean square residual error is depicted in Fig. 5 .
Figs. 6 and 7 show the directivity patterns of the GSC beamformer after adaptation. In Fig. 6 , the elevation angle is fixed at ϑ s = 60
• , such that the look direction of the array is observed for the flexible azimuth angle at ϕ = ϕ s = −45
• . The directivity pattern differs from the one of the quiescent beamformer in Fig. 3 but fulfils the constraint.
In Fig. 7 , the adapted directivity pattern is shown for a fixed azimuth angle of ϕ s = −45
• . Compared to the quiescent response in Fig. 4 , the constraint is still fulfilled but the beamformer has placed a null at the interference angle ϑ i,1 = 0
• . Since the interferer has a highpass characteristic, the loss of Ω/π spatial discrimination towards low frequencies by the beamformer has no impact on the beamformer's performance.
Conclusion
This paper has expanded on a proposed broadband beamformer design using polynomial matrix formulations. The design is derived using broadband steering vectors and a space-time covariance matrix that explicitly contains a lag parameter; the definition of the MVDR beamformer thus becomes a convenient extension of the narrowband case.
We have previously established some of the advantages of the proposed design -this includes the decoupling of orders in the quiescent beamformer, the blocking matrix, and the adaptive filter. Also, the proposed beamformer permits a simple handling of constraints. In the examples of this paper, we have shown that for an arbirary array configuration, constraints are straightforward to implement and are protected coherently across the spectrum. This is in contrast to state-of-the-art broadband beamformers, where off-broadside constraints or arbitrary array configurations generally require presteering before any processing can be performed.
